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Abstract
Using the equivalence theorem for the triplet ansatz sector of metric–affine
gravity (MAG) theories and the Einstein–Proca system, it is shown that the
only static black hole of the triplet sector of MAG is the Schwarzschild solu-
tion, under the constraint (−4β4 + k1β5/2k0 + k2γ4/k0)/κz4 6= 0 on the cou-
pling constants. For the special case (−4β4+ k1β5/2k0+ k2γ4/k0)/κz4 = 0, it
follows that the only static non–extremal black hole is the Reissner–Nordstro¨m
one. The results can be extended to exclude also the existence of soliton so-
lutions of the triplet sector of MAG.
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I. INTRODUCTION
In February 1916, only three months after having achieved the final breakthrough in
general relativity, Einstein presented [1], on behalf of Schwarzschild, the first exact solution
of his new equations to the Prussian Academy of Sciences. However, it took almost half a
century until the geometry of the Schwarzschild space–time was correctly interpreted and its
physical significance was fully appreciated. The vacuum Schwarzschild solution describing
the end product of gravitational collapse contains a space–time singularity which is hidden
within a black hole.
The mathematical theory of black holes has been steadily developing during the last
thirty years. One of the most intriguing outcomes is the so–called “no–hair” theorem, which
states that a black hole in a stationary electrovacuum space–time is uniquely characterized
by its mass, angular momentum and electric charge (see Refs. [2–4] for recent reviews on
the subject).
Although Einstein gravity is well founded and experimentally very successful on the
macroscopic scale, it is of interest to investigate gravity theories which generalize the re-
stricted geometrical structure of Einstein’s theory. The theory of the quantum superstring
[5], suggests that non–Riemannian features are present on the scale of the Planck length.
Since the possibility of testing the predictions of such fundamental theories is very low, due
to the high energy levels where new effects may appear, effective theories offer an alternative
scenario to perform tests at lower energy levels. It turns out that low–energy dilaton and
axi–dilaton interactions are manageable in terms of a non–Riemannian connection that leads
to new geometrical structures with particular torsion and nonmetricity fields [6].
More generally, the metric–affine theory of gravity (MAG), which is basically a gauge
theory of the four–dimensional affine group, encompasses the dilaton–axion gravity of the
effective string models as a subcase [7,8]. MAG has exact solutions with novel features [9–12]
(For a review on exact solutions in MAG see Ref. [13] and references therein). These solutions
and a possible necessary symmetry reduction process may pave a way to understand how
the Riemann–Einstein structure emerges in gravitational gauge theory.
In MAG, the nonmetricity, torsion and curvature are dynamical variables — field
strengths — which together with the coframe, the metric and the connection potentials
provide an alternative description of gravitational physics.
Black holes with non–Riemannian geometrical structures have not been extensively stud-
ied in the literature. Tresguerres [12] and Tucker and Wang [14] found Reissner–Nordstro¨m–
like metrics, in which the place of the electric charge is taken by the dilation charge, (gravito–
electric charge) related to the Weyl covector, the trace of the nonmetricity, together with
a vector part of the torsion, i.e., these solutions carry a dilation charge (Weyl charge) and
a spin charge, but are devoid of any other post–Riemannian “excitations,” in particular,
they have no tracefree pieces of the nonmetricity. The corresponding Lagrangian needs only
a Hilbert–Einstein piece and a segmental curvature squared. Other black hole solutions
exciting more post–Riemannian structures have been found by Vlachinsky et al. [15] and
Obukhov et al. [16]. However, the most general Reissner–Nordstro¨m solution in MAG, en-
dowed with electric and magnetic charges, as well as gravito–electric and gravito–magnetic
charges and cosmological constant term is presented in [17].
In this paper, by using the equivalence theorem between the triplet ansatz sector of
2
MAG and the Einstein–Proca systems [18,19], we proof a “no–hair” theorem for static black
holes in this sector of MAG theories. The result implies that the only static black hole of the
triplet ansatz sector of MAG, in vacuum is the Schwarzschild solution and, in electrovacuum
is the Reissner–Nordstro¨m black hole.
In Section II we review the main aspects of MAG and its triplet ansatz sector together
with the equivalence theorem to the Einstein–Proca systems. In Section III the black hole
configurations in MAG are reviewed and discussed. In Section VI under the assumption that
it represents the gravitational field of a black hole, we analyze the field equations for a static
configuration . We proof a “no–hair” theorem for the effective Proca field derived from the
equivalence theorem. In Section V we discuss the physical significance of our results.
II. MAG IN BRIEF AND THE EQUIVALENCE THEOREM
The most general parity conserving quadratic Lagrangian which is expressed in terms of
the 4 + 3 + 11 irreducible pieces (see [20,13]) of Qαβ , T
α, Rα
β, respectively, reads:
VMAG =
1
2κ
[
−a0R
αβ ∧ ηαβ + T
α ∧ ∗
(
3∑
I=1
aI
(I)Tα
)
+ 2
(
4∑
I=2
cI
(I)Qαβ
)
∧ ϑα ∧ ∗T β +Qαβ ∧
∗
(
4∑
I=1
bI
(I)Qαβ
)
+ b5
(
(3)Qαγ ∧ ϑ
α
)
∧ ∗
(
(4)Qβγ ∧ ϑβ
) ]
(2.1)
−
1
2ρ
Rαβ ∧ ∗
(
6∑
I=1
wI
(I)Wαβ + w7 ϑα ∧ (eγ⌋
(5)W γβ)
+
5∑
I=1
zI
(I)Zαβ + z6 ϑγ ∧ (eα⌋
(2)Zγβ) +
9∑
I=7
zI ϑα ∧ (eγ⌋
(I−4)Zγβ)
)
.
Here a0, . . ., a3, b1, . . ., b5, c2, c3, c4, w1, . . ., w7, z1, . . ., z9 are dimensionless coupling
constants, κ is the standard gravitational constant, and ρ is the strong gravity coupling
constant. We have introduced in the curvature square term the irreducible pieces of the
antisymmetric part Wαβ ≡ R[αβ] and the symmetric part Zαβ ≡ R(αβ) of the curvature
two–form. In Zαβ, we have the purely post–Riemannian part of the curvature. Note the
peculiar cross terms with cI and b5. The signature of space–time is (−,+,+,+), the volume
four–form η ≡ ∗1, and the two–form ηαβ ≡
∗(ϑα ∧ ϑβ).
Therefore, space–time is described by a metric–affine geometry with the gravitational
field strengths nonmetricity Qαβ ≡ −Dgαβ, torsion T
α ≡ Dϑα, and curvature Rα
β ≡ dΓα
β−
Γα
γ ∧ Γγ
β. The gravitational field equations
DHα − Eα = Σα , (2.2)
DHαβ − E
α
β = ∆
α
β , (2.3)
link the material sources, the material energy–momentum current Σα and the material
hypermomentum current ∆αβ, to the gauge field excitations Hα and H
α
β in a Yang–Mills–
like manner. It is well known [20] that the field equation corresponding to the variable gαβ is
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redundant if (2.2) as well as (2.3) are fulfilled. The excitations can be calculated by partial
differentiation,
Hα = −
∂VMAG
∂T α
, Hαβ = −
∂VMAG
∂Rαβ
, Mαβ = −2
∂VMAG
∂Qαβ
, (2.4)
whereas the gauge field currents of energy–momentum and hypermomentum, respectively,
turn out to be linear in the Lagrangian and in the excitations,
Eα ≡
∂VMAG
∂ϑα
= eα⌋VMAG + (eα⌋T
β) ∧Hβ + (eα⌋Rβ
γ) ∧Hβγ +
1
2
(eα⌋Qβγ)M
βγ , (2.5)
Eαβ ≡
∂VMAG
∂Γαβ
= −ϑα ∧Hβ − gβγM
αγ . (2.6)
Here eα represents the frame and ⌋ the interior product sign, for details see [20]. In vacuum,
the energy–momentum current Σα = 0 and the material hypermomentum current ∆
α
β = 0.
A. Triplet ansatz and equivalence theorem
For the torsion and nonmetricity field configurations, we concentrate on the simplest
non–trivial case with shear. According to its irreducible decomposition [20], the nonmetricity
contains two covector pieces, namely (4)Qαβ = Qgαβ, with Q ≡ g
αβ Qαβ/4, the dilation piece,
and
(3)Qαβ =
4
9
(
ϑ(αeβ)⌋Λ−
1
4
gαβΛ
)
, with Λ ≡ ϑαeβ⌋րQαβ , (2.7)
a proper shear piece. Accordingly, our ansatz for the nonmetricity reads
Qαβ =
(3)Qαβ +
(4)Qαβ . (2.8)
The torsion, in addition to its tensor piece, encompasses a covector and an axial covector
piece. Let us choose only the covector piece as non–vanishing:
T α = (2)T α =
1
3
ϑα ∧ T , with T ≡ eα⌋T
α . (2.9)
Thus we are left with the three non–trivial one–forms Q, Λ, and T .
The Lagrangian (2.1) is very complicated, in particular on account of its curvature square
pieces. Therefore we have to restrict its generality in order to stay within manageable limits.
Our ansatz for the nonmetricity is expected to require a nonvanishing post–Riemannian term
quadratic in the segmental curvature. Accordingly, let be given the gauge Lagrangian (2.1)
with w1 = . . . = w7 = 0, z1 = . . . = z3 = z5 = . . . = z9 = 0, that is, only z4 is allowed to
survive, i.e., the segmental curvature squared
−
z4
8ρ
Rα
α ∧ ∗Rβ
β = −
z4
2ρ
dQ ∧ ∗dQ (2.10)
is the only surviving strong gravity piece in VMAG.
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We assume the following ansatz, the so–called triplet ansatz for our triplet of one forms
(2.8) and (2.9):
Q = k0 φ , Λ = k1 φ , T = k2 φ , (2.11)
where k0 ≡ 4α2β3−3γ
2
3 , k1 ≡ 9(α2β5/2−γ3γ4), k2 ≡ 3(4β3γ4−3β5γ3/2), and α2 = a2−2a0,
β3 = b3+ a0/8, β4 = b4 − 3a0/8, β5 = b5 − a0, γ3 = c3+ a0, γ4 = c4+ a0. In other words, we
assume that the triplet of one–forms are proportional to each other [16,13,18,19,21].
The triplet ansatz (2.11) reduces the MAG field equations (2.2)–(2.3) to an effective
Einstein–Proca system [18,19]:
a0
2
ηαβγ ∧ R˜
βγ = κΣ(φ)α , (2.12)
d ∗H +m2 ∗φ = 0, (2.13)
with respect to the metric g, and the Proca 1–form φ. Here the tilde˜ denotes the Riemannian
part of the curvature,
Σ(φ)α ≡
z4k
2
0
2ρ
{[(eα⌋H) ∧
∗H − (eα⌋
∗H) ∧H ]
+ m2 [(eα⌋φ) ∧
∗φ + (eα⌋
∗φ) ∧ φ]
}
, (2.14)
is the energy–momentum current of the Proca field φ, H ≡ dφ, and
m2 ≡
1
κz4
(
−4β4 +
k1
2k0
β5 +
k2
k0
γ4
)
, (2.15)
Therefore, as mentioned above, given the triplet ansatz MAG becomes an effective Einstein–
Proca system. Moreover, by settingm = 0 the system acquires the constraint β4 = (k1β5/2+
k2γ4)/4k0 among the coupling constants of the Lagrangian (2.1), and it reduces to the
Einstein–Maxwell system, cf. Ref. [13].
Thus, the triplet ansatz sector of a MAG theory becomes equivalent to the Einstein–
Proca system of differential equations. This was first shown for a certain 3–parameter La-
grangian by Dereli et al. [22] and extended to a 6–parameter Lagrangian by Tucker and Wang
[19]. The situation was eventually clarified for a fairly general 11–parameter Lagrangian by
Obukhov et al. [18]. In the next sections we will make use of this equivalence theorem in
order to proof the “no–hair” theorem for static black–hole configurations in MAG.
III. BLACK HOLE CONFIGURATIONS IN MAG
The search for black hole solutions in MAG began with Tresguerres [12,23], who found
the first static spherically symmetric solutions with a non–vanishing shear charge, i.e., the
solutions are additionally endowed with a traceless part of the nonmetricity. The metric of
Tresguerres solution is the Reissner–Nordstro¨m metric of general relativity with cosmological
constant but the place of the electric charge is taken by the dilation charge (gravito–electric
charge) which is related to the trace of the nonmetricity, the Weyl covector.
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The Tresguerres solutions carry, besides the above–mentioned dilation and shear charges
(related to the trace and traceless pieces of the nonmetricity, respectively), a spin charge
related to the torsion of space–time. Therefore, beyond the Reissner–Nordstro¨m metric, the
following post–Riemannian degrees of freedom are excited in the Tresguerres solutions: two
pieces of the nonmetricity, namely the Weyl covector (4)Qαβ and the traceless piece
(2)Qαβ,
and all three pieces of the torsion (1)T α, (2)T α, (3)T α. The first solution [12], requires in
the Lagrangian weak gravity terms and, for strong gravity, the curvature square pieces with
z4 6= 0, w3 6= 0, w5 6= 0, i.e., with Weyl’s segmental curvature, the curvature pseudoscalar,
and the antisymmetric Ricci.
Beside the two dilation–shear solutions, Tresguerres [12] and Tucker and Wang [19] found
Reissner–Nordstro¨m–like metrics together with a non–vanishing Weyl covector, (4)Qαβ 6= 0,
and a vector part of the torsion, (2)T α 6= 0, i.e., these solutions carry a dilation charge (a
Weyl charge) and a spin charge, but are devoid of any other post–Riemannian “excitations”,
in particular, they have no tracefree pieces րQαβ of the nonmetricity. The corresponding
Lagrangian needs only a Hilbert–Einstein piece (a0 = 1) and a segmental curvature squared
with z4 6= 0. The same has been proved for the Tresguerres dilation solution [12] (see
footnote 4 of [16]).
In the framework of the triplet ansatz (2.11), a Reissner–Nordstro¨m–like metric with a
strong gravito–electric charge could successfully be used [15] and a constraint on the coupling
constants had to be imposed. Thus the structure of this triplet solution is reminiscent of the
Tresguerres dilation–shear solutions. Moreover, only the piece with z4 6= 0 of the curvature
square pieces in the gauge Lagrangian VMAG is required. All others do not contribute. This
result was generalized to an axially symmetric solution [15] based on the Kerr–Newman
metric, with the same kind of charges. A generalized Reissner–Nordstro¨m solution in MAG
endowed with electric, magnetic, strong gravito–electric and strong gravito–magnetic charges
and cosmological constant is presented in [17].
IV. UNIQUENESS THEOREM FOR STATIC BLACK HOLES IN
METRIC–AFFINE GRAVITY
For m 6= 0 the equivalence theorem [18,19] establishes that the triplet ansatz sector of
MAG is described by the Einstein–Proca system (2.12)–(2.13). In this section we will proof
that the effective Proca field φµ vanishes in the domain of outer communications 〈〈J( 〉〉 of a
static black hole. We would like to point out that the original proof on the non–existence
of massive–Proca fields in the presence of static black holes is due to Bekenstein [24]. In
this paper we improve the original demonstration, basically in the arguments concerning the
event horizon, which are the more involved.
Using the standard component notation the Einstein–Proca equations (2.12)–(2.13) can
be written as
4pi
κ˜
Rµν = H
α
µ Hνα +m
2φµφν −
1
4
gµνHαβH
αβ , (4.1)
∇βH
βα = m2φα, (4.2)
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where Rµν is the Ricci tensor, Hµν ≡ 2∇[µφν] is the field strength of the Proca field φµ, and
κ˜ ≡ κz4k
2
0/ρa0.
In a static black hole, the Killing field k coincides with the null generator of the event
horizon H+ and is time–like and hypersurface orthogonal in all the domain of outer com-
munications 〈〈J( 〉〉. This allow us to choose, by simply connectedness of 〈〈J( 〉〉 [25], a global
coordinates system (t, xi), i = 1, 2, 3, in all 〈〈J( 〉〉 [26], such that k = ∂/∂t and the metric
reads
g = −V dt2 + γijdx
idxj, (4.3)
where V and γ are t–independent, γ is positive definite in all 〈〈J( 〉〉, and V is positive in
all 〈〈J( 〉〉, and vanishes in H+. From (4.3) it can be noted that staticity is equivalent to the
existence of a time–reversal isometry t 7→ −t.
We will assume that the Proca field shares the same symmetries as the metric one,
namely, it is stationary, £kφ = 0. The staticity of the metric is extended to the Proca field φ
α
and the Proca equations (4.2), i.e., they are invariant under time–reversal transformations.
The time–reversal invariance of Proca equations (4.2) requires that, in the coordinates (4.3),
φt and H ti remain unchanged while φi and H ij change their sign, or the opposite scheme,
i.e., φt and H ti change sign as long as φi and H ij remain unchanged under time reversal
[24]. Therefore φi and H ij must vanish in the first case, and φt and H ti vanish in the second
one. Hence, time–reversal invariance implies the existence of two separate cases: a purely
gravito–electric case (I) and a purely gravito–magnetic case (II).
Now we are ready to proof the “no–hair” theorem for the effective Proca field. Let
V ⊂ 〈〈J( 〉〉 be the open region bounded by the space–like hypersurface Σ, the space–like
hypersurface Σ′ and the pertinent portions of the horizon H+, and the spatial infinity io.
The space–like hypersurface Σ′ is obtained by shifting each point of Σ a unit parametric
value along the integral curves of the Killing field k. Multiplying the Proca equations (4.2)
by φµ and integrating by parts over V using the Gauss theorem, one obtains[∫
Σ′
−
∫
Σ
+
∫
H+∩V
+
∫
io∩V
]
φαH
βαdΣβ =
∫
V
(
1
2
HαβH
αβ +m2φαφ
α
)
dv. (4.4)
The boundary integral over Σ′ cancels out the corresponding one over Σ, since Σ′ and Σ are
isometric hypersurfaces. The boundary integral over io ∩ V vanishes by the usual Yukawa
fall–off of the massive fields at infinity. We will show that the integrand of the remaining
boundary integral at the portion of the horizon H+∩V also vanishes. To achieve this goal we
use the standard measure at the horizon dΣβ = 2n[βlµ]l
µdσ [27], where l is the null generator
of the horizon, n is the other future–directed null vector (nµl
µ = −1), orthogonal to the
space–like cross sections of the horizon, and dσ is the surface element. The standard measure
follows from choosing the natural volumen 3–form at the horizon, i.e., η3 =
∗(n∧ l)∧ l. By
using the quoted measure the integrand over the horizon can be written as
φαH
βαdΣβ =
(
φαH
βαlβ + φαH
βαnβ lµl
µ
)
dσ . (4.5)
In order to show the vanishing of the last integrand it is sufficient to prove that the following
quantities on the right hand side of (4.5) are such that: φαH
βαlβ vanishes and φαH
βαnβ
remains bounded at the horizon. The behavior of this quantities at the horizon can be
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established by studying some invariants constructed from the curvature. By using Einstein
equations (4.1), we obtain,
4pi
κ˜
R = m2φµφ
µ, (4.6)
16pi2
κ˜2
RµνR
µν = 3H2 + 4I2 +
(
H −m2φµφ
µ
)2
+ 2m2H αµ φ
µHναφ
ν , (4.7)
where H ≡ HαβH
αβ/4, and I ≡ ∗HαβH
αβ/4. Since the horizon is a smooth surface the
left hand sides of the above equations are bounded on it. From (4.6) it follows that φµφ
µ is
bounded at the horizon. The last term in (4.7) is non–negative in both cases (I) and (II),
the remaining terms are also non–negative, and consequently each one is bounded at the
horizon, in particular the invariants H and I. Other invariants can be built from the Ricci
curvature (4.1) by means of l and n, which are well–defined smooth vector fields on the
horizon. The first invariant reads
4pi
κ˜
Rµνn
µnν = JµJ
µ +m2(φµn
µ)2 − nµn
µH , (4.8)
where Jµ ≡ Hµνnν . The last term above vanishes because the bounded behavior of the
invariant H . Since J is orthogonal to the null vector n, it must be space–like or null
(JµJ
µ ≥ 0), therefore each one of the remaining terms on the right hand side of (4.8) must
be bounded. The next invariant to be considered, which vanishes at the horizon by applying
the Raychaudhuri equation to the null generator [28] reads
0 =
4pi
κ˜
Rµν l
µlν = DµD
µ +m2(φµl
µ)2 − lµl
µH , (4.9)
where Dµ ≡ Hµνlν is the gravito–electric field at the horizon. Once again the bounded
behavior of the invariant H can be used to achive the vanishing of the last term of (4.9).
Since D is orthogonal to the null generator l, it must be space–like or null (DµD
µ ≥ 0),
consequently each term on the right hand side of (4.9) vanishes independently, which implies
that φµl
µ = 0 and that D is proportional to the null generator l at the horizon, i.e.,
D = −(Dαn
α) l. The last studied invariant gives the following relation,
4pi
κ˜
Rµν l
µnν −H = (Dµn
µ)2 +m2(φµn
µ)(φνl
ν), (4.10)
where it has been used that D = −(Dαn
α) l. Since φµl
µ = 0 and φµn
µ is bounded at the
horizon, it follows that the second term on the right hand side of (4.10) vanishes, thus Dµn
µ
is bounded at the horizon as consequence of the bounded behavior of the left hand side of
(4.10).
Summarizing, the study of the quoted invariants at the horizon leads to the following
conclusions: Dµn
µ, φµn
µ, φµφ
µ, and JµJ
µ are bounded at the horizon, φµ l
µ = 0 and D =
−(Dαn
α) l in the same region.
Now we are in position to show the fulfillment of the sufficient conditions for the vanishing
of the integrand (4.5) over the horizon, i.e., φαH
βαlβ vanishes and φαH
βαnβ remains bounded
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at the horizon. Using the definition Dµ ≡ Hµνlν and that D = −(Dαn
α) l, we obtain for
the first quantity at the horizon
φαH
βαlβ = (Dµn
µ)(φνl
ν) = 0, (4.11)
where the vanishing follows from the fact that Dµn
µ is bounded and φν l
ν vanishes at the
horizon.
For the second quantity we note that φ and J are orthogonal to the null vectors l and n,
respectively. Therefore, φ must be space–like or proportional to l, and J must be space–like
or proportional to n. Using a null tetrad basis, constructed with l, n, and a pair of linearly
independent space–like vectors, these last ones being tangent to the space–like cross sections
of the horizon, the φ and J vectors can be written as
φ = −(φαn
α)l+ φ⊥, (4.12)
J = −(Jαl
α)n+ J⊥, (4.13)
where φ⊥ and J⊥ are the projections, orthogonal to l and n, on the space–like cross sections
of the horizon. Using (4.12) and (4.13) it is clear that φµφ
µ = φ⊥µφ
⊥µ, and JµJ
µ = J⊥µ J
⊥µ,
i.e., the contribution to these bounded magnitudes comes only from the space–like sector
orthogonal to l and n. With the help of (4.12) and (4.13) the other quantity appearing in
the integrand (4.5) can be written as
φαH
βαnβ = −φαJ
α = −(φαn
α)(Dβn
β)− φ⊥αJ
⊥α, (4.14)
where the identity Jαl
α = −Dαn
α has been used. The first term in (4.14) is bounded
because φαn
α and Dβn
β are bounded. To the second term the Schwarz inequality applies,
since φ⊥ and J⊥ belong to a space–like subspace. Thus, (φ⊥αJ
⊥α)2 ≤ (φ⊥µφ
⊥µ)(J⊥ν J
⊥ν) =
(φµφ
µ)(JνJ
ν) and since φµφ
µ and JνJ
ν are bounded at the horizon, the second term of (4.14)
is also bounded.
Finally, the vanishing of (4.11) and the bounded behavior of (4.14), and the null character
of l at the horizon lead to the vanishing of the integrand (4.5) over the event horizon.
With no contribution from boundary integrals in (4.4) we shall write the volume integral,
using the coordinates from (4.3), for each one of the different cases discussed at the beginning
of this section.
For the purely gravito–electric case (I) we have∫
V
−V
(
1
2
γijH
tiH tj +m2(φt)2
)
dv = 0. (4.15)
The non–positiveness of the above integrand, which is the sum of squared terms, implies
that the integral is vanishing only if H ti and φt vanish everywhere in V, and hence in all
〈〈J( 〉〉.
For the purely gravito–magnetic case (II) the volume integral reads as∫
V
(
1
2
γikγjlH
klH ij +m2φiφ
i
)
dv = 0, (4.16)
in this case the non–negativeness of the above integrand is responsible for the vanishing of
H ij and φi in all 〈〈J( 〉〉.
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V. DISCUSSION
By using the equivalence theorem for the triplet sector of MAG, one faces in vacuum
an effective Einstein–Proca system, where the Proca field is related to the vector pieces of
the irreducible decomposition of the nonmetricity and torsion [18,19]. In this framework,
we investigate whether or not this sector of MAG leads to new physics, i.e., we analyze the
“no–hair” problem in the triplet ansatz sector of MAG.
We prove that, for (−4β4 + k1β5/2k0 + k2γ4/k0)/κz4 6= 0, the effective field φµ is trivial
in the presence of a static black hole. This result implies that the equations (2.12)–(2.13)
reduce to the Einstein–vacuum ones, for which the only static black hole is the Schwarzschild
solution [29]. For the special case where (−4β4 + k1β5/2k0 + k2γ4/k0)/κz4 = 0, the system
(2.12)–(2.13) reduces to the Einstein–Maxwell system, and it is well–known that the only
static black hole, with non–degenerate horizon, is the Reissner–Nordstro¨m one [30] (see Refs.
[2,3] for improvements to the original proofs). It is worthwhile to stress the fact that while
previous works by Chrus´ciel and Nadirashvili [31], and by Heusler [32], on the establishment
of the uniqueness results in the extremal case were not yet conclusive, the problem seems
to be settled recently by Chrus´ciel [33], who establishes the uniqueness of the Majundar–
Papapetrou black hole in the extremal case.
It is straightforward to generalize our results to static electrovacuum space–times of
the triplet sector of MAG, which in view of the equivalence theorem becomes equivalent
to an effective Einstein–Proca–Maxwell system, i.e., the only existing static black hole is
the true Reissner–Nordstro¨m one, endowed with electric and/or magnetic charge as well as
gravito–electric and/or gravito–magnetic charges [17]. The proof involves only and addi-
tional Maxwell field.
Moreover, the existence of static soliton (particle–like) solutions can be also excluded
using the same arguments, since the only change in the proof is that in this case the boundary
of the volume V is only formed by the isometric surfaces Σ and Σ′, and a portion of the
spatial infinity io, i.e., there are no interior boundary corresponding to the event horizon.
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